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Rafael Ltd, IL-31021 Haifa, Israel
The Bell’s inequality is thought to be a common constraint shared by all local models of hidden
variables that aim to describe the entangled states of two qubits, which purportedly allows to
distinguish their predictions from those of quantum mechanics in an experimentally testable way and,
ultimately, rule them out. In this paper we show, however, that all the models of hidden variables
constrained by the Bell’s inequality share a subtle, though crucial, feature that is not required
by fundamental physical principles and, hence, may not be fulfilled in the actual experimental
setup that tests the inequality. Indeed, this feature neither can be implemented within the standard
framework of quantum mechanics and is even be at odds with the fundamental principle of relativity.
Namely, the proof of the inequality requires the existence of a preferred absolute frame of reference
(supposedly provided by the lab) with respect to which can be defined through a long sequence of
realizations of the experiment the hidden properties of the entangled particles and the orientations
of each one of the measurement devices that test them. Following these observations we were able
to explicitly build a local model of hidden variables that does not share the disputed feature and,
hence, it is able to reproduce the predictions of quantum mechanics for the Bell’s entangled states.
1. The Bell’s theorem is one of the pillars upon which
relies the widespread belief that quantum mechanics is
the ultimate mathematical framework within which a hy-
pothetical final theory of the fundamental building blocks
of Nature and their interactions should be formulated.
The theorem states through an experimentally testable
inequality (the Bell’s inequality) that none theory of hid-
den variables that shares certain intuitive features can
reproduce the predictions of quantum mechanics for the
Bell’s states of two entangled qubits [1]. In fact, these
predictions have been experimentally confirmed beyond
any reasonable doubt [2, 3] and, thus, all said generic
models of hidden variables are ruled out.
In a Bell’s experiment a source emits pairs of particles
whose polarizations are prepared in an entangled state:
|ΨΦ〉 = 1√
2
(
| ↑〉(A) | ↓〉(B) − e−iΦ | ↓〉(A) | ↑〉(B)
)
, (1)
where {| ↑〉, | ↓〉}(A,B) are single-particle eigenstates of
Pauli operators σ
(A,B)
Z along locally defined Z-axes, and
two widely separated detectors oriented along indepen-
dently set directions within the orthogonal XY-planes
test them. For every single pair the orientation of each
one of the detectors can be switched between two pos-
sible settings defined with respect to local lab frames,
which we shall denote as ΩA and Ω
′
A for detector A
and ΩB and Ω
′
B for detector B. Upon detection each
particle causes a binary response of its detector, ei-
ther +1 or −1. Thus, each pair of entangled particles
produces an outcome in the space of possible events
{(−1,−1), (−1,+1), (+1,−1), (+1,+1)}. We refer to
each detected pair as a single realization of the exper-
iment. The experiment consists of a long sequence of
repetitions.
At the end of all these runs the records of the two detec-
tors are compared and their statistical correlations com-
puted at each one of their four possible settings. Quan-
tum mechanics predicts, and experimental tests confirm,
that these correlations are given by
E(∆− Φ) = − cos (∆− Φ) , (2)
where ∆ is the relative angle between the orientations of
the two measuring devices. Therefore,
|E(+pi/4) + E(−pi/4) + E(−pi/4)− E(−3pi/4)| = 2
√
2.
(3)
On the other hand, the CHSH version of the Bell’s in-
equality states that for all models of hidden variables that
share certain intuitive features the following inequality
|E(∆1) + E(∆2) + E(∆1 − δ)− E(∆2 − δ)| ≤ 2, (4)
holds for any set of values (∆1,∆2, δ) [4] and, in partic-
ular, for ∆1 = +pi/4, ∆2 = −pi/4 and δ = +pi/2. Since
experiments have conformed the predictions of quantum
mechanics beyond any reasonable doubt, all models of
hidden variables constrained by the ineaulity (4) are ex-
perimentally ruled out.
This undisputable conclussion is widely interpreted as
an experimentally verified proof of the impossibility to
describe quantum phenomena within the framework of
an hypothetical theory of hidden variables underlying
the quantum formalism. Nonetheless, the right state-
ment is that it is impossible to describe quantum phe-
nomena within the framework of any theory of hidden
variables that shares the intuitive features assumed by
the Bell’s theorem. In fact, as we shall show the models
of hidden variables constrained by the CHSH inequality
(4) all share a subtle, though crucial, feature that is not
required by fundamental physical principles and, hence,
may not be fulfilled in the experimental setup that tests
the inequality. Moreover, once the disputed assumption
2is lifted it is straightfoward to build an explicitly local
model of hidden variables that reproduces the predictions
of quantum mechanics for the Bell’s states (1).
The proof of the CHSH inequality proceeds as follows.
Let us label as {λ}λ∈S the space of all possible hidden
configurations of the pair of entangled particles and let
ρ(λ) be the (density of) probability of each one of them to
occur in every single realization of the experiment. It is
then assumed that it is possible to assign to each possible
configuration λ ∈ S a 4-tuple of binary values
(
s
(A)
ΩA
(λ), s
(A)
Ω′A
(λ), s
(B)
ΩB
(λ), s
(B)
Ω′B
(λ)
)
∈ {−1,+1}4 (5)
to describe the outcomes that would be obtained at each
one of the measurement devices in case that their ori-
entations were set along each one of the two available
settings. Under this assumption, which we shall refer to
as the Bell’s assumption, it is straightforward to show
that for all possible configurations λ ∈ S,
s
(A)
ΩA
(λ) ·
(
s
(B)
ΩB
(λ) + s
(B)
Ω′B
(λ)
)
+
+s
(A)
Ω′A
(λ) ·
(
s
(B)
ΩB
(λ)− s(B)Ω′B (λ)
)
= ±2, (6)
since the first term equals either +2 or −2 when s(B)ΩB (λ)
and s
(B)
Ω′B
(λ) have the same sign and equals 0 when they
have opposite signs, while the second term equals 0 when
s
(B)
ΩB
(λ) and s
(B)
Ω′B
(λ) have the same sign and equals either
+2 or −2 when they have opposite signs. The CHSH
inequality (4) is then obtained by averaging this mag-
nitude over the whole universe of events S and noticing
that each one of the four terms in the integrand produces
one of the required correlations:
−2 ≤
∫
dλ ρ(λ) ·
[
s
(A)
ΩA
(λ) ·
(
s
(B)
ΩB
(λ) + s
(B)
Ω′B
(λ)
)
+
+ s
(A)
Ω′A
(λ) ·
(
s
(B)
ΩB
(λ)− s(B)Ω′B (λ)
)]
≤ +2,
The Bell’s assumption (5) intuitively seems a trivial
feature of any local model of hidden variables, which
seemingly simply states that the response of each detec-
tor to each possible hidden configuration λ ∈ S does not
depend on the orientation chosen for the other detector.
Nonetheless, the assumption (5) is at odds with Galileo’s
principle of relativity. Indeed, the proof of the Bell’s the-
orem does not necessarily hold when the orientation of
one of the detectors is taken in every single realization of
the experiment as a reference to describe the orientation
of the other detector, even though this is an absolutely
legitimate choice. Then, instead of (6), we should write
s(A)(λ) ·
(
s
(B)
ΩB
(λ) + s
(B)
Ω′B
(λ) + s
(B)
Ω′′B
(λ)− s(B)Ω′′′B (λ)
)
, (7)
where ΩB , Ω
′
B , Ω
′′
B and Ω
′′′
B are the four possible relative
orientations of detector B with respect to the orientation
of detector A, which is not constrained to equal either
+2 or −2.
The Bell’s assumption (5) would be indisputable if each
particle of every single entangled pair could be tested
at once along the two available settings for its detector.
Nonetheless, these two settings are exclusive: each par-
ticle of every entangled pair can be actually tested along
only one of the two possible orientations of its detector.
Hence, it is crucial to identify the actual physical degrees
of freedom of the experimental set-up. The relative an-
gle between the orientations of the two detectors is obvi-
ously a well-defined physical magnitude for every single
realization of the experiment. Nonetheless, in order to
have two well-defined possible orientations for each one
of the measurement devices we should be able to com-
pare their orientations at different realizations of the ex-
periment and, therefore, the definition would require the
existence of a preferred absolute frame of reference with
respect to which these orientations could be defined. A
preferred frame would be needed even to jointly define
the response functions (5) of the detectors at each one
of their available settings over the space of all possible
hidden configurations. This preferred frame is suppos-
edly provided by the lab. Nonetheless, this requirement
is obviously at odds with Galileo’s principle of relativity
according to which the global orientation of the two de-
tectors in every realization of the experiment is actually
an spurious unphysical gauge degree of freedom.
In the absence of an absolute preferred frame of refer-
ence the proof of the CHSH inequality would necessarily
hold only for models in which the considered hidden con-
figurations are symmetrically invariant under rigid rota-
tions of the two measuring devices. On the other hand,
the proof of the inequality would not necessarily hold
when this symmetry is (spontaneously) broken by the
hidden configurations of the entangled particles. In such
circumstances, it may not be possible to compare differ-
ent settings of the detectors with respect to an exter-
nal lab frame of reference: they could only be compared
with respect to a frame in which they all share a com-
mon preferred direction, e.g. the reference frame set by
the orientation of one of the detectors or the frame set
by the orientation of the hidden configuration. Since the
latter choice is not experimentally accessible, we are left
with the reference direction set by the orientation of one
of the two detectors as our only option, which leads us
to (7). Thus, models in which the symmetry under a
rigid rotation of the two measurement devices is sponta-
neously broken by the hidden configurations of the en-
tangled particles are not necessarily constrained by the
CHSH inequality.
The reason can be explained as follows. In the proof
of the CHSH inequality it is implicitly assumed (5) that
there exists an absolute set of coordinates λ ∈ S over the
3space of all possible configurations, defined with respect
to some external preferred frame of reference, which we
can use to define the response function of each one of the
two detectors in each one of its two available orientations,
see eq. (7). Nonetheless, in general, we should allow for
each one of the two detectors to define its proper set
of coordinates over the space S for each one of its two
possible configurations. Hence, let us denote as λA and
λB the two sets of coordinates associated to detectors
A and B when they are set at orientations ΩA and ΩB ,
respectively. Since these sets of coordinates parameterize
the same space of hidden configurations S there must
exist some invertible transformation that relates them:
λA = −L(λB ; ∆1), (8)
which may depend parametrically only on the relative
angle ∆1 between the orientations of the two detectors.
This transformation must fulfill the constraint
dλA ρ(λA) = dλB ρ(λB), (9)
which simply states that the probability to occur of ev-
ery hidden configuration must remain invariant under a
change of coordinates, while the (density of) probability
ρ(·) is functionally invariant for the two sets of coordi-
nates.
Similarly, we could obtain new sets of coordinates
λ′B = −L(λA; ∆2), (10)
associated to detector A when it is oriented along direc-
tion Ω′A and
λ′A = −L(λ′B ; ∆2 − δ), (11)
associated to detector B when it is oriented along di-
rection Ω′B . Therefore, instead of (6) we should have
written:
s(λA) · [s(λB) + s(λ′B)] + s(λ′A) · [s(λB)− s(λ′B)] ,
where we have assumed that the detectors share the same
universal response function s(·).
Upon integration over the space S of all possible hidden
configurations we still would get
−2 ≤
∫
dλA ρ(λA) s(λA) · [s(λB) + s(λ′B)] +
+
∫
dλA ρ(λA) s(λ
′
A) · [s(λB)− s(λ′B)] ≤ 2.
However, we notice now that while the first integral does
indeed produce the desired correlations
∫
dλA ρ(λA) s(λA) · (s(λB) + s(λ′B)) =
= E(∆1) + E(∆2),
the second integral may not lead to the desired result
since ∫
dλA ρ(λA) s(λ
′
A) · (s(λB)− s(λ′B))
may be different from∫
dλ′A ρ(λ
′
A) s(λ
′
A) ·
(
s(λ˜B)− s(λ′B)
)
=
= E(Ω′A,ΩB) + E(Ω
′
A,Ω
′
B),
where
λ˜B = −L(λ′A; ∆1 − δ), (12)
in models in which λB 6= λ˜B , because the set of coordi-
nates accumulates a non-zero geometric phase through a
cyclic transformation:
(−L∆1−δ) ◦ (−L∆2−δ) ◦ (−L∆2) ◦ (−L∆1) 6= I. (13)
This is a well-known phenomena in physical models in-
volving gauge symmetries [7] and, therefore, we should
not rule out the possibility that it also occurs in models
of hidden variables in order to describe quantum phenom-
ena. The Bell’s assumption (5), however, cannot account
for such models and, therefore, they are not constrained
by the inequality (6).
It is important to notice that neither within the stan-
dard framework of quantum mechanics we can properly
define two possible orientations for each one of the mea-
surement devices in a Bell’s experiment. The argument
goes as follows. The Bell’s states (1) are defined in terms
of the bases {| ↑〉(A,B), | ↓〉(A,B)} of eigenstates of op-
erators σ
(A,B)
Z locally defined at the sites of each one of
the two particles. Since these eiegenstates are defined up
to a global phase, the phase Φ in (1) could not be prop-
erly defined with respect to an external absolute frame
of reference. In order to properly define this phase and,
hence, the state of the source we must choose an arbi-
trary setting of the two measurement devices as refer-
ence. This reference setting defines parallel orientations
for the two measurement devices. The phase Φ is then
defined with respect to this reference setting of the detec-
tors with the help of the measured correlations between
their outcomes, E = − cos(Φ). We can then use this
reference setting to properly define a relative rotation ∆
of the orientations of the two apparatus. Nonetheless,
since we must use an otherwise arbitrary setting of the
detectors as a reference we cannot in any proper sense de-
fine their global rigid orientation: it is an spurious gauge
degree of freedom.
In summary, we have proven that the Bell’s theorem
applies only to a very particular class of local models
of hidden variables that share a subtle, though crucial,
feature. This feature, nonetheless, is not required by fun-
damental physical principles. Indeed, following this ob-
servation in [5, 6] we have presented an explicitly local
4statistical model of hidden variables that does not share
the said feature and reproduces the predictions of quan-
tum mechanics for the Bell’s states.
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